
Adv. Appl. Cliff ord Algebras 24 (2014), 661–674
© 2014 Springer Basel
0188-7009/030661-14 
published online February 18, 2014
DOI 10.1007/s00006-014-0454-4

Multiplicative Representation of a
Hyperbolic non Distributive Algebra
Manuel Fernández-Guasti∗ and Felipe Zaldívar

Abstract. The multiplicative or polar representation of hyperbolic sca-
tor algebra in 1 + n dimensions is introduced. The transformations be-
tween additive and multiplicative representations are presented. The
addition and product operations are consistently defined in either rep-
resentation using additive or multiplicative variables. The product is
shown to produce a rotation and scaling for equal director components
and solely a scaling in the orthogonal components.

Keywords. Polar representation, non-distributive algebras, hypercom-
plex numbers.

1. Introduction

The polar representation of complex numbers has been successfully extended
to hyperbolic numbers [1] and also to complex quaternions [2]. The purpose of
this communication is to present a polar representation of hyperbolic scators
in 1 + n dimensions and the geometrical interpretation of the addition and
product operations. In [3], we introduced a non distributive algebra given by
elements of the form

ϕ = (f0; f1, . . . , fj , . . . , fn), with f0, fj ∈ R. (1.1)
The first component is called the scalar component, whereas subsequent com-
ponents are named director components. Addition is defined component-
wise. The hyperbolic product of two scators α = (a0; a1, . . . , an) and β =
(b0; b1, . . . , bn) is defined by γ = αβ = (g0; g1, . . . , gn), where the scalar com-
ponent is

g0 = a0b0

n∏
k=1

(1 + akbk

a0b0
) (1.2)
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and the jth director component, for j = 1 to n, is

gj = a0b0

n∏
k �=j

(1 + akbk

a0b0
)(aj

a0
+ bj

b0
). (1.3)

The condition for the definition of the product in 1 + n dimensions is the
subset E

1+n ⊂ R
1+n where a0b0 �= 0 if ajbj �= 0 for two or more director

components. A slightly different elliptic product definition is also possible,
leading to a different topology [4]. Every scator ϕ ∈ E

1+n can be represented
as

ϕ = f0 +
n∑

j=1
fj êj , (1.4)

where êj is the standard basis with 1 in the jth position and zero everywhere
else. We identify the scalar f0 with the scator f0 = (f0; 0, · · · , 0). These co-
efficients will be referred to as additive variables. Hyperbolic scators form a
group under the product operation provided that non invertible elements and
zero divisors are excluded. However, the product is, in general, not distribu-
tive over addition. The restricted space conditions

a2
0 > a2

j and b2
0 > b2

j for all j, (1.5)

are sufficient conditions to satisfy group properties under the product oper-
ation provided that a0, b0 �= 0. The restricted space subset is defined by the
scators whose director components are smaller than the scalar component

E
1+n
sl =

{
ϕ = f0 +

n∑
j=1

fj êj ∈ E
1+n : |fj | < |f0| ∀j = 1, . . . , n

}
. (1.6)

Given scators α = a0 +
∑n

j=1 aj êj and β = b0 +
∑n

j=1 bj êj , addition becomes

α + β = (a0 + b0) +
n∑

j=1
(aj + bj)êj . (1.7)

and their product is

αβ = a0b0

n∏
k=1

(
1 + akbk

a0b0

)
+

n∑
j=1

a0b0

n∏
k=1

(
1 + akbk

a0b0

) ( aj

a0
+ bj

b0
)

(1 + ajbj

a0b0
)
êj . (1.8)

Remark 1.1. From (1.8), if the two factors have only one non vanishing di-
rector component, αβ = a0b0 + ajblδjl +

∑n
j=1 (b0aj + a0bj) êj . Whence, if

the scalar components are then zero and aj = bl = 1, we obtain êj êl = δjl,
a Kronecker’s delta. It follows that if α, β are two scators such that the non
zero director components of one are different from the non zero director com-
ponents of the other, then(

a0 +
∑

j

aj êj

)(
b0 +

∑
l

blêl

)
= a0b0 +

∑
j

b0aj êj +
∑

l

a0blêl for all j �= l.
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The conjugate of ϕ = f0 +
∑n

j=1 fj êj is

ϕ∗ = f0 −
n∑

j=1
fj êj , (1.9)

and its norm or modulus squared is

‖ϕ‖2 = ϕ · ϕ∗ = f2
0

n∏
j=1

(
1 − f2

j

f2
0

)
. (1.10)

A non-zero scator ϕ = f0 +
∑n

j=1 fj êj is invertible provided that f0 �= ±fj

for all j. The inverse of ϕ is

ϕ−1 = 1

f2
0

∏n
j=1(1 − f2

j

f2
0

)
ϕ∗. (1.11)

2. Multiplicative Representation

Given a scator ϕj êj with a single director component, by Remark 1.1, êj êj =
1 and thus its even and odd powers are (êj)2m = 1 and (êj)2m+1 = êj for
m ≥ 0 an integer. Heuristically, we may consider the exponential function of
a scator ϕj êj with a single director component in the argument as a formal
series of the form

eϕj êj =
∞∑

m=0

(ϕj êj)m

m! .

Again, heuristically, we may write

eϕj êj =
∞∑

m=0

ϕ2m
j

2m! +
∞∑

m=0

ϕ2m+1
j

(2m + 1)! êj ,

notice that on the right-hand side, we have the series for the hyperbolic cosine
and hyperbolic sine. The exponential function of a single director component
scator in the argument is then defined by

eϕj êj =
∞∑

m=0

(ϕj êj)m

m! = cosh(ϕj) + sinh(ϕj)êj . (2.1)

Now, consider n + 1 single director component scators of the form ϕ0, ϕ1ê1,
. . ., ϕnên with ϕ0 > 0. In the multiplicative representation, the scator is
given by the product

ϕ = ϕ0

n∏
j=1

exp(ϕj êj), ϕ0, ϕj ∈ R. (2.2)

The variables ϕj are called the multiplicative director components of the sca-
tor ϕ and we shall see that ϕ0 is its norm. Sometimes, we list the multiplica-
tive components of a scator as an ordered sequence

ϕ = (ϕ0; ϕ1, . . . , ϕn), with ϕj ∈ R. (2.3)
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Remark 2.1. Given two scators α = (α0; 0, . . . , αj , . . . 0), β = (β0; 0, . . . , βj , . . . 0)
having a single non-vanishing multiplicative component in the same place j,
their product is

αβ = (α0 exp(αj êj))(β0 exp(βj êj))
= α0β0(cosh(αj) + sinh(αj)êj)(cosh(βj) + sinh(βj)êj)
= α0β0(cosh(αj) cosh(βj) + sinh(αj) cosh(βj)êj

+ sinh(βj) cosh(αj)êj + sinh(αj) sinh(βj)êj êj)
= α0β0(cosh(αj + βj) + sinh(αj + βj)êj)
= α0β0 exp((αj + βj)êj);

The third equality is because the product is distributive over addition for
single-component scators, the fourth equality is due to êj êj = 1 and the
hyperbolic function sum of angles identities, the last equality follows from
(2.1). Therefore, we have shown that the general addition theorem holds for
equal j director components

α0β0 exp((αj + βj)êj) = (α0 exp(αj êj))(β0 exp(βj êj)). (2.4)

The product of two arbitrary scators in the multiplicative representation is
then

αβ = α0

n∏
j=1

exp(αj êj)β0

n∏
j=1

exp(βj êj) = α0β0

n∏
j=1

exp((αj + βj)êj). (2.5)

i.e., the scalar components are multiplied while the multiplicative director
components are added component-wise.

For a scator ϕ ∈ E
1+n
sl there are two representations:

1. An additive representation of the form

ϕ = f0 +
n∑

j=1
fj êj . (2.6)

2. A multiplicative representation of the form

ϕ = ϕ0

n∏
j=1

exp(ϕj êj). (2.7)

Addition is particularly simple in the additive representation whereas the
product is specially simple in the multiplicative representation.

The relationships between these two representations are as follows: Given a
scator in multiplicative form (2.7), invoking (2.1) and performing the cor-
responding products using the orthogonal scator’s distributivity stated in
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Remark (1.1), we obtain

ϕ = ϕ0

n∏
j=1

eϕj êj = ϕ0

n∏
j=1

(cosh(ϕj) + sinh(ϕj)êj)

= ϕ0

n∏
k=1

cosh(ϕk) +
n∑

j=1
ϕ0

n∏
k=1

cosh(ϕk) tanh(ϕj)êj . (2.8)

This last expression is the additive representation but with multiplicative
variables. Comparison with the additive representation (1.4), gives the fol-
lowing multiplicative to additive transformations

f0 = ϕ0

n∏
k=1

cosh(ϕk), (2.9a)

fj = ϕ0

n∏
k=1

cosh(ϕk) tanh(ϕj). (2.9b)

Conversely, given a non zero scator in additive form (1.4), its (additive) com-
ponents are given by (2.9a) and (2.9b), from where we obtain the multiplica-
tive director components

ϕj = tanh−1(fj

f0
). (2.10a)

The multiplicative scalar component is obtained from (2.9a) and the above
expression, recalling that 1

cosh ϕj
=

√
1 − tanh2 ϕj , hence

ϕ0 = f0

n∏
k=1

√
1 − f2

k

f2
0

. (2.10b)

The multiplicative scalar ϕ0 is the scator magnitude or norm as can be seen
by comparing equation (2.10b) with equation with (1.10). Since the multi-
plicative scalar components are multiplied in the product operation (2.5),
the norm of a scator product is equal to the product of the factor’s norms.
A complexified version of this identity has been used to derive Lagrange’s
identity for complex numbers and some other higher order identities [5]. The
multiplicative representation with additive variables is then

ϕ = ϕ0

n∏
j=1

eϕj êj = f0

n∏
j=1

√
1 − f2

j

f2
0

exp
(

tanh−1(fj

f0
)
)

. (2.11)

The conjugate operation in multiplicative variables is analogous to conjuga-
tion with additive variables since the inverse hyperbolic tangent is an odd
function. Given ϕ = ϕ0

∏n
j=1 exp(ϕj êj), its conjugate is

ϕ∗ = ϕ0

n∏
j=1

exp(−ϕj êj).
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The inverse of a scator is

ϕ−1 = ϕ∗

ϕ2
0

= 1
ϕ0

n∏
j=1

exp(−ϕj êj) (2.12)

since ϕϕ∗ = ϕ2
0. This result is consistent with the additive definition of inverse

elements (1.11).

The product operation has been stated with additive variables in Eq. (1.8)
and with multiplicative variables in Eq. (2.5). To prove that these two defi-
nitions are consistent, let us write the product scator in the additive repre-
sentation but with multiplicative variables

αβ = α0β0

n∏
j=1

exp((αj + βj)êj)

= α0β0

n∏
k=1

cosh(αk + βk) +
n∑

j=1
α0β0

n∏
k=1

cosh(αk + βk) tanh(αj + βj)êj .

The hyperbolic cosine of the sum can be written as

cosh(αk + βk) = cosh(αk) cosh(βk)(1 + tanh(αk) tanh(βk)),
thus

α0β0

n∏
k=1

cosh(αk + βk) = α0β0

n∏
k=1

cosh(αk) cosh(βk)
n∏

k=1

(1 + tanh(αk) tanh(βk)),

and this expression can be readily written with the multiplicative to additive
transformations (2.9a), (2.9b) in terms of the additive variables

α0

n∏
k=1

cosh(αk)β0

n∏
k=1

cosh(βk)
n∏

k=1

(1 + tanh(αk) tanh(βk)) = a0b0

n∏
k=1

(1 + akbk

a0b0
).

The hyperbolic tangent of the sum is

tanh(αj + βj) = tanh(αj) + tanh(βj)
1 + tanh(αj) tanh(βj) =

( aj

a0
+ bj

b0
)

(1 + ajbj

a0b0
)
.

Substitution of these results in (2.5) reproduces Eq. (1.8), thus consistency
is insured. Furthermore, the restricted space conditions (1.5) are inbuilt in
the multiplicative representation. The co-domain of the hyperbolic tangent
function lies between -1 and 1, thus from (2.10a) the director component is
always smaller than the scalar component |fj | < |f0|.

3. Geometrical Interpretation

The scalar and n director components of a scator may be represented along
orthogonal axes. Label the scalar axis s and the director axes by the unit
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elements êj in the standard basis. Consider, for the purpose of describing the
main features of the geometry, an E

1+2
sl dimensional space

ϕ = f0 + f1ê1 + f2ê2. (3.1)

Since the sum is defined component-wise, addition can be represented by the
familiar parallelogram construction in a 1+n dimensional space. In particular,
the scator (3.1) can be obtained from the addition of two 1+1 dimensional
scators with different non zero director component

ϕ = f0 + f1ê1 + f2ê2 = (f01 + f1ê1) + (f02 + f2ê2) , (3.2)
provided that f0 = f01 + f02. The angles of the projections in the s, ê1

and s, ê2 planes are ϕ01 = arctan
(

f1
f01

)
and ϕ02 = arctan

(
f2
f02

)
. There are

many combinations of E1+1
sl scators, having different scalars |f01| > |f1| and

|f02| > |f2|, that add up to the E
1+2
sl scator. The scator (3.1) can also be

obtained from the sum of three single component scators (f0)+(f1ê1)+(f2ê2);
However, these latter two scators have zero scalar component and do not
belong to the restricted space subset (1.6). In order to obtain the projection
of the resultant scator in the s, ê1 plane, the ê2 coefficient is set equal to zero,
f2 = 0. In this case, the value of the ê1 component, f1 remains unaltered.
However, the angle arctan

(
f1
f0

)
is no longer equal to ϕ01. This observation

can be generalized as follows:

Remark 3.1. An E
1+n scator with êj component fj is unaltered by the sum

with another E
1+m scator that has vanishing êj component. However, the

angle that the êj component makes with respect to the scalar axis in the
s, ê1 plane, is necessarily modified by such addition operation if the addend
scator has at least one other non-vanishing director component.

3.1. Geometrical representation of the product

The angle ϕj is the hyperbolic angle subtended by the arc of the jth com-
ponent fj over the scalar component f0, as evinced from (2.10a). This angle
lies on the plane defined by the scalar and the êj director axes. The angles
are added component-wise in the product operation as stated in the general
addition theorem for hyperbolic scators (2.4). Therefore, the operation can
be construed as a hyperbolic rotation in the s, êj plane for each component.
In order to understand the outcome of the product on an orthogonal director
component, consider the scator ϕ in (3.1) to arise from the product of two
scators with different non-vanishing director component

ϕ = ϕ0eϕ1ê1eϕ2ê2 =
(
ϕ01eϕ1ê1

) (
ϕ02eϕ2ê2

)
. (3.3)

From the multiplicative to additive transformations (2.9a), (2.9b)
f0 = ϕ0 cosh (ϕ1) cosh (ϕ2) ,

f1 = ϕ0 cosh (ϕ2) sinh (ϕ1) ,

f2 = ϕ0 cosh (ϕ1) sinh (ϕ2) ,
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where
ϕ0 = ϕ01ϕ02. (3.4)

But each factor can also be written in terms of hyperbolic functions

f01m = ϕ01 cosh (ϕ1) , f11 = ϕ01 sinh (ϕ1) ,

f02m = ϕ02 cosh (ϕ2) , f22 = ϕ02 sinh (ϕ1) ;
So that

f0 = ϕ0
ϕ01

cosh (ϕ2) f01m = f01mf02m,

f1 = ϕ0
ϕ01

cosh (ϕ2) f11 = f02mf11, (3.5)

f2 = ϕ0
ϕ02

cosh (ϕ1) f22 = f01mf22.

The scalar and director components of the first factor ϕ01eϕ1ê1 = f01m +
f11ê1, are thus scaled by f02m. Similarly, the components of the second fac-
tor are scaled by f01m. Therefore, the consequence of the product on the
orthogonal components for scators with different non-vanishing director com-
ponents, is a scaling dependent only on the multiplying factor variables. This
same scaling is also experienced by the scalar component. From the quotient
of the second and third equations over the first equation in (3.5), we obtain

f1
f0

= f11
f01m

= tanh (ϕ1) ,

f2
f0

= f22
f02m

= tanh (ϕ2) .

Therefore, the angle between the director and scalar components remains un-
changed under the product operation of scators with different non-vanishing
director component. In as much as hyperbolic or complex numbers can be
constructed from the addition or product of two appropriate complex num-
bers, scators can also be constructed via the addition or product operations.
In equations (3.2) and (3.3), we have reproduced the scator ϕ via the ad-
dition or the product of two scators with different non-vanishing director
components. In the latter case, the angles ϕ1, ϕ2 are unique to produce the
resultant scator. However, the magnitudes can be varied provided that (3.4)
is fulfilled. This result is analogous to the sum in the additive case where the
scalar components f1, f2 are fixed and the scalar parts can be varied provided
that f0 = f01 + f02.

Consider the more general case of a 1 + n dimensional scator α =
α0

∏n
j=1 exp (αj êj) = a0 +

∑n
j=1 aj êj times a scator with a single multi-

plicative director component, say the l component β = β0 exp (βlêl). The
product is

αβ = α0β0

n∏
j �=l

exp (αj êj) exp ((αl + βl) êl) .
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From the multiplicative to additive representation (2.8), this product is

αβ = α0β0

⎡
⎣ n∏

k �=l

cosh (αk)

⎤
⎦ cosh (αl + βl)

·
⎡
⎣1 +

⎛
⎝ n∑

j �=l

tanh (αj) êj + tanh (αl + βl) êl

⎞
⎠

⎤
⎦ .

Multiply and divide by the factor cosh (αl) so that

α0β0

⎡
⎣ n∏

k �=l

cosh (αk)

⎤
⎦ cosh (αl + βl) = α0β0

[
n∏

k=1
cosh (αk)

]
cosh (αl + βl)

cosh (αl)
.

For the l component, the sum of angles is
cosh (αl + βl)

cosh (αl)
= cosh (βl) + tanh (αl) sinh (βl)

and tanh (αl + βl) = tanh(αl)+tanh(βl)
1+tanh(αl) tanh(βl) . The product is then

αβ = α0β0

[
n∏

k=1
cosh (αk)

]
[cosh (βl) + tanh (αl) sinh (βl)]

·
⎡
⎣1 +

⎛
⎝ n∑

j �=l

tanh (αj) êj + tanh (αl) + tanh (βl)
1 + tanh (αl) tanh (βl)

êl

⎞
⎠

⎤
⎦ .

Rotations are better visualized leaving the original additive coordinates for
the operand and angular1 variables for the operator. Let α be the coordinates
scator and β the operator a0 = α0 [

∏n
k=1 cosh (αk)] , aj = a0 tanh (αj), thus

αβ =a0β0

[
cosh (βl)+ al

a0
sinh (βl)

] ⎡
⎣1+

⎛
⎝ n∑

j �=l

aj

a0
êj +

al

a0
+ tanh (βl)

1 + al

a0
tanh (βl)

êl

⎞
⎠

⎤
⎦,

that can be rearranged as

αβ = β0 (a0 cosh (βl) + al sinh (βl))+β0

(
cosh (βl) + al

a0
sinh (βl)

) n∑
j �=l

aj êj

+ β0 (al cosh (βl) + a0 sinh (βl)) êl.

The product scator γ = αβ = g0 +
∑n

j �=l gj êj + glêl has components

g0 = β0 (a0 cosh (βl) + al sinh (βl)) , (3.6a)

gj = β0

(
cosh (βl) + al

a0
sinh (βl)

)
aj , for j �= l, (3.6b)

gl = β0 (al cosh (βl) + a0 sinh (βl)) . (3.6c)

1multiplicative variables in our description
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Figure 1. Representation of the product of two scators
α = α0 exp (α1ê1) exp (α2ê2) (in green with projections on
the planes in light green) and β0 exp (β2ê2) (in red) in 1+2
dimensions. In the ê1 direction there is only a scaling (gray
arrow in the s, ê1 plane). In the ê2 direction, a rotation and
a scaling is produced (gray arrow in the s, ê2 plane). The
scator product is shown in black. Restricted space planes
shown in light gray.

The product operation then involves:

• An overall scaling β0 (if β0 = 1, the overall scale is unaltered)
• A hyperbolic rotation by an angle βl in the s, êl plane
• A scaling in the êj axes j �= l; the scaling is constant and equal to

cosh (βl), if the coordinate scator α has no projection in the êl axis
• If there is a projection al of the coordinate scator in the êl axis, there

is in addition a scaling sinh (βl) proportional to al

a0
.

• The angles αj , j �= l remain unaltered since gj

g0
= aj

a0
.

The product of two scators α, β in E
1+2
sl is illustrated in Figure 1 for β =

β0 exp (β2ê2) and α = α0 exp (α1ê1) exp (α2ê2). The components of the prod-
uct in additive variables are

g0 = a0b0 + a2b2 =
(

b0 + a2b2
a0

)
a0, (3.7a)

g1 =
(

b0 + a2b2
a0

)
a1, (3.7b)

g2 = (a0b2 + a2b0) =
(

a0
a2

b2 + b0

)
a2. (3.7c)
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so that, indeed g1
g0

= a1
a0

. The quantities g0, g1 are scaled by the same factor(
b0 + a2b2

a0

)
= β0

(
cosh (β2) +

(
a2
a0

)
sinh (β2)

)

that depends both, on the rotating angle β2 but also on the quotient a2
a0

. On
the other hand

g2
g0

= a0b2 + a2b0
a0b0 + a2b2

=
b2
b0

+ a2
a0

1 + a2b2
a0b0

= tanh β2 + tanh α2
1 + tanh α2 tanh β2

= tanh (α2 + β2) ,

corroborating the hyperbolic rotation by β2 in the s, ê2 plane.

4. Hyperbolic Rotation in a Deformed Lorentz Metric

Diverse physical phenomena can be described with hyperbolic number sys-
tems. Electromagnetic theory, for example, can be nicely formulated in terms
of hyperbolic quaternions [6]. Hyperbolic complex algebra describes Minkows-
ki space-time in 1+1 dimensions in a simple and straightforward way [7]. In
this latter case, generalizations to 1+2 or 1+3 dimensions encounter similar
scenarios as those met when extending complex numbers to dimensions higher
than 2 in Euclidean space. Namely, lack of commutativity and/or associativ-
ity of the product. Nonetheless, it is possible to construct subsets that recover
some of these properties, for example, commutativity in Segre’s quaternions
[8]. Depending on the inner product definition, hypercomplex numbers can
give rise to different topologies and consequently generate different physics
[9]. Recall that a Lorentz transformation between inertial frames can be ex-
pressed as a time-like rotation through a hyperbolic pseudo-angle in a 2-flat
space [10, p. 111]. The spatial variables remain unaltered in the direction
perpendicular to the relative velocity.

In real scator algebra, the scator metric (1.10) may be viewed as a deformed
Lorentz metric [3]. In 1+3 dimensions, the scator deformed Lorentz metric is

‖(f0; f1, f2, f3)‖2 = f2
0 −f2

1 −f2
2 −f2

3 + f2
1 f2

2 + f2
1 f2

2 + f2
2 f2

3
f2

0
− f2

1 f2
2 f2

3
f4

0
, (4.1)

where the scalar f0 is associated with time and f1, f2, f3 with space variables
in cartesian coordinates. The deformation vanishes in 1+1 dimensions where
the scator metric (4.1) is identical to the Lorentz metric, but differs from
it in higher dimensions [11]. This deformation permits the extension of the
formalism to a (1 + n)-dimensional time-space. Recall that scator algebra is
not a division algebra just as hyperbolic complex numbers, since both contain
divisors of zero. Nonetheless, the scator product operation forms a group in
the restricted space subset E

1+n
sl , thus producing a division algebra in this

subset. The restricted space condition is well suited to encompass the sub-
luminal domain in a deformed special relativity scheme.
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The scator product operation represents a rotation (and possibly a scaling)
in the hyperbolic plane for each s, êj projection plane. This transformation
can thus be seen as a time-like rotation through a hyperbolic pseudo-angle
provided that the scalar component is associated with time and the director
components with spatial directions. It then models the deformed transfor-
mation between two (inertial) frames with constant relative velocity. The
product of an arbitrary scator with a scator of unit magnitude preserves the
scator metric, for we have shown in (2.5) that the norm of the product is
equal to the product of the norms. Since the hyperbolic scator product is
associative and commutative in the restricted space, the composition of se-
quential products can be taken in any order. Therefore, the deformed metric
does not exhibit a spatial rotation under the action of two successive non
collinear Lorentz boosts.

On the other hand, the variables in orthogonal directions undergo a scal-
ing. For example, the product of an arbitrary scator α times a scator β =
β0 exp (βlêl), produces a scaling given by (3.6b) on all α scator components
aj with j �= l. The scaling of perpendicular components for an object at rest
in the moving inertial frame ( al

a0
= �r

�t = 0) is simply β0 cosh (βl). Therefore,
in the deformed metric, transverse director components experience a spatial
dilation. For parallel components, space contraction and time dilation takes
place in a similar fashion as in the special relativity Lorentz transformations.

5. Conclusions

Hyperbolic scator algebra in 1 + n dimensions can be described in two ways,
as an additive or a multiplicative representation. The latter is a generaliza-
tion of the complex polar representation in terms of magnitude and angle
variables. These quantities become the multiplicative scalar and n director
variables in the present context. Its additive counterpart, has additive scalar
and director variables. Mixed combinations are possible, namely an additive
representation with multiplicative variables (2.8) or viceversa (2.11). Addi-
tion is straightforward in the additive representation whereas multiplication
is particularly compact in the multiplicative representation. Transformations
between variables are given by (2.9a)-(2.9b) and (2.10b)-(2.10a). There is a
one to one correspondence between these two representations if the quotient
f2

j /f2
0 lies in the open interval (0, 1) for all director components (j = 1 to

n) as described in (1.6). In this E
1+n
sl restricted space subset, the product

satisfies group properties provided that zero is excluded. In a previous com-
munication [3], Remark 4.2 is incorrect as it stands. If the director compo-
nents are larger than the scalar components, a2

1, a2
2 > a2

0 and b2
1, b2

2 > b2
0, the

scator product (1.8) does not satisfy group properties. We shall address the
super-luminal deformed transformations in a forthcoming paper. The prod-
uct operation represents a rotation through a hyperbolic pseudo-angle and
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possibly a scaling for parallel components. It produces only a scaling with-
out rotation for orthogonal components. As an example, it has been shown
that the real scator product can be used to model inertial frame transforma-
tions in a deformed Lorentz metric. These transformations can be viewed as
time-like rotations in an analogous fashion to the description found in the
special relativity formalism. The main departure due to the Lorentz invari-
ant violation is a space dilation in the transverse spatial variables. Within
this framework, sub-luminal frame transformations are always obtained for
admissible (sub-luminal) velocities since the restricted space conditions are
implicit in the hyperbolic trigonometric functions involved in the multiplica-
tive representation.
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