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Abstract: The electric field nonlinear amplitude equation is solved numerically, making
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1. Introduction

The matrix formalism used in thin film calculations sometimes involve multiplication of a great number of matri-
ces. If not treated carefully, these calculations may introduce undesirable large errors, specially at high reflectivities.
Solving the electric field amplitude equation is an alternative that provides consistent numerical calculations for high
reflectivity multilayers. Furthermore, the method can easily deal with a variable refractive index within the layers, thus
modelling, for example, inter layer adsorption.

1.1. The amplitude equation

Consider an isotropic, transparent, stratified, dielectric medium with a linear response and no free charges. The electric
permittivity ε(z) varies along the z axis. Let a monochromatic plane wave with frequency ω and linear polarization,
say, in the x direction E = E (z)e−iωt êx, propagate through the medium normally to the stratification z planes. For non
magnetic media µ = µ0, we can write the non autonomous ordinary differential equation (ODE)

d2E
dz2 + k2

0n2E = 0, (1)

where k2
0 = ω2µ0ε0 and the refractive index is n =

√
ε(z)
ε0

, ε0 is the electric permittivity of vacuum. For a constant n,
the reflected to incident fields ratio can be expressed in terms of E and its first derivative only [1],

Ereflected

Eincident
=

iEk0n− dE
dz

iEk0n+ dE
dz

. (2)

Consider a complex E(z), namely E = Aeiq, where the amplitude A(z) and phase q(z) are real quantities. Inserting this
ansatz in equation (1) leads to the nonlinear amplitude equation [1–3]

d2A
dz2 −

Q2

A3 =−k2
0n2A, (3)

where A(z) and q(z) are related by the invariant

Q = A2 dq
dz

. (4)

It is not common to turn a linear differential equation into a non-linear ODE, but equation (3) poses no challenge
to be solved numerically if A is real and n is bounded [4, 5]. No approximation regarding a smoothly or abruptly
varying refractive index is needed. Also, initial conditions are easily imposed having a clear physical meaning and
interpretation of the solutions is straightforward. The complex ratio (2) can be written in terms of A, substituting
E = Aeiq and using (4)
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Figure 1. (a) A typical DBR refractive index profile, with nine nmax = 2.40 and eight nmin = 1.38
layers. (b) Reflectivity as a function of wavelength for the numeric (black and solid) and analytical
(red and dashed) result. (c) Close up of the high reflectivity region.

Ereflected

Eincident
=

nA2k0−Q+ iAA′

nA2k0 +Q− iAA′
. (5)

Evaluating this last expression in the homogeneous region from where the light is incident, allows us to find the
reflection coefficient and its modulus squared, the reflectivity.

2. Reflectivity results

Consider a typical distributed Bragg reflector (DBR) with 17 layers, switching between nmin = 1.38 and nmax = 2.40,
as shown in figure 1a. The amplitude equation (3) is solved for this profile by a conventional finite difference method.
This procedure is repeated for different wavelengths. To model incident light from the left of the multilayer, boundary
conditions are set so that only a single wave is transmitted on the right hand side. Finally, equation (5) is evaluated
at the left of the multilayer, so that the reflectivity can be computed and plotted. This simple multilayer structure
can of course be solved analytically in terms of Chebyshev polynomials [6]. The numerical results obtained from the
nonlinear amplitude equation are compared with the well known analytical result in figures 1b and 1c.

Figure 1b reveals practically no difference between the numerical result and the analytical one, it almost looks as
a single curve. To see the difference, one must check the sixth significant digit at the maximum reflectivity central
region, see figure 1c. With single precision numbers, the difference is 8.361×10−4% at the central wavelength, where
the theoretical reflectivity is close to R = 99.9851276% . Care must be taken with the finite difference method when
reflectivity is high and the amplitude A approaches zero, discretization steps may need to be made smaller in this case.

2.1. Novel results

This amplitude equation method allows for more complex modeling options. For instance, interfaces between layers
are not strictly sharp in a real mirror, there are no perfectly smooth surfaces, roughness and/or adsorption of compo-
nents spoil the perfect interface plane. By choosing a gradually varying refractive index profile one may account for
such phenomenae. Consider a refractive index profile

n(Λ) =


nsubs

nmax−nmin
2

[
±|cos(4πΛ)|

1
50 +1

]
+nmin

nair

for Λ > 13
8

for − 13
8 < Λ < 13

8
for Λ <− 13

8

, (6)
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Figure 2. (a) Refractive index profile defined by equation (6), where nsubs = 1.50, nair = 1, nmin =
1.38 and nmax = 2.40. (b) Reflectivity as a function of wavelength for this profile.

where Λ is the optical path in wavelength units, nsubs the substrate refractive index, nair the refractive index of the
medium from which the light is incident. This profile is plotted in figure 2a, it has no sharp edges within the multilayer.
The reflectivity as a function of wavelength is shown in figure 2b.

The reflectivity curve is no longer as nice and smooth as in figure 1b, small irregular features appear conferring
it an “experimental-like” appearance. For example see figure 5 in [7], the measured reflectivity of a DBR (part of a
saturable absorber mirror) reveals sharper peaks within the secondary lobes as predicted in figure 2b. In addition, look
at figure 9 in [8], the DBR reflectivity from a porous silicon device exhibits an indentation on the far right of the main
plateau. This feature is not predicted by the author’s fit. However, it is clearly visible in the model presented here
depicted in figure 2b.

3. Conclusions

Solving the electric field amplitude equation has been shown to be a good alternative for numerically calculating the
reflectivity of a given refractive index profile, even for high reflectivities. For abrupt refractive index changes, results
reproduce within 10−4 percent the analytical prediction. Furthermore, rugate profiles can be modeled, revealing new
features. No dispersion is assumed in this work, but it can easily be incorporated if the relationship n(λ ) is known.
Although calculations were performed at normal incidence, generalization for oblique incidence far from the critical
angle is straight forward, either for TE or TM polarizations.
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